Accurate mammogram registration is vital to future breast cancer research. In order to detect changes over time and/or bilateral asymmetry, computer aided detection algorithms must first be able to accurately align two mammogram images. The Mammogram Iterative Pompeiu-Hausdorff Registration Algorithm (MIPHRA) is a novel process designed to accurately register two mammogram images. MIPHRA is built upon a new technique for efficiently minimizing the Pompeiu-Hausdorff distance between two images (or point sets) over rigid body motion. A recent study comprised of 100 bilateral mammogram pairs revealed that MIPHRA offers increased accuracy and efficiency over current rigidbody mammogram registration techniques, such as mutual information.
INTRODUCTION
Breast cancer is one of the most common, and deadly, types of cancer found in women. The most conventional way of detecting breast cancer is through annual mammogram screenings, more commonly after the age of 40. Radiologists look for certain suspicious indicators in mammogram images, such as masses, lesions, and calcifications. One significant indicator of malignancy can be asymmetry between the two breasts [1] The radiologist visually compares images of the left and right breasts to identify density changes or abnormalities in the breast tissue. Mammogram screenings from previous years also aid in visually identifying suspicious anomalies in the breast. Although most artifacts can be identified by the radiologist, slight density changes are not always apparent to the human eye. Computer-aided detection (CAD) programs could alert the radiologist of unseen changes if two mammogram images could be accurately aligned.
This paper introduces a novel registration technique, Mammogram Iterative Pompeiu-Hausdorff Registration Algorithm (MIPHRA), that can automatically and accurately align two mammogram images. The following topics will be covered : relation to prior work in the field of mammogram registration, feature extraction as a pre-processing step, an overview of the algorithm, preliminary results proving that MIPHRA offers a significant improvement in accuracy and computing efficiency over current registration techniques, and concluding remarks to include future research and other applications.
MAMMOGRAM REGISTRATION
The natural asymmetry of the breast, natural artifacts in the breast, and distortion due to compression can create overwhelming obstacles when attempting to accurately align two mammogram images. Many theories have been introduced over the years in an attempt to solve this problem. Ertas et. al. [3] investigated using a Euclidean distance-mapping algorithm with both affine and rigid transformations, but encountered problems when the nipple was present in the image. On the other hand, the work by Sultana et. al. [4] and Xu et. al. [2] employed non-rigid morphing algorithms to align bilateral mammogram pairs. Although in some cases non-rigid transformation algorithms can produce favorable alignment results, current morphing algorithms are not based on physical characteristics of the breast. Therefore, the ecological validity of the morph cannot be confirmed. In a survey of current mammogram registration techniques [6] , rigid registration based on mutual information (MI) outperformed the other techniques. While the present study is similar to the rigid registration method based on MI, it capitalizes on the PompeiuHausdorff distance, which was not considered in these earlier studies.
The Pompeiu-Hausdorff distance has been used in many image processing applications [7] , but has not been leveraged thus far in the registration of mammogram images. Given two point sets, A = {a 1 , ..., a p } and B = {b 1 , ..., b q }, the Pompeiu-Hausdorff distance is defined as
where
and is some normalization function, such as the L 2 or Euclidean distance.
Pompeiu-Hausdorff distances essentially compute the degree of disparity between two images, but can withstand minimal pixel dislocations. Because it is nearly impossible to accurately place the patient in the mammogram machine in the exact same position each time, the mammogram images will almost never be identical. Pompeiu-Hausdorff is not skewed by these subtle image-toimage changes, unlike other registration algorithms.
FEATURE EXTRACTION
The Pompeiu-Hausdorff distance is calculated between two point sets, therefore two binary images, A (primary image) and B (model image), must be generated from the mammogram images. The boundary segmentation technique leveraged in this study first uses Laplacian edge detection to identify the periphery of the breast, and then applies Otsu thresholding to binarize the image (leaving only "edge" pixels identified by the Laplacian). In order to eliminate non-boundary pixels caused by noise after thresholding, a connected component label tracing algorithm [10] is also applied to the image to ensure the final product is a complete binary image containing only the breast boundary information, as seen in Figure 1 . More advanced boundary segmentation algorithms [8, 9] or the extraction of different features (ex: pectoral muscle) could further improve the performance of the MIPHRA algorithm, and warrant future research. 
MIPHRA OVERVIEW
The Mammogram Iterative Pompeiu-Hausdorff Registration Algorithm (MIPHRA) is designed to find the best alignment of two mammogram images under rigid body motion by minimizing the Pompeiu-Hausdorff distance between the two point-sets extracted from each image.
Foundational Principles
The brute force method of computing the Pompeiu-Hausdorff distance in Equation 1 for every possible translation, [x, y], and rotation, θ, of interest introduces several problems. These obstacles include significant errors when the breasts are positioned differently in the machines, and large computing times. MIPHRA was designed to eliminate these problems by relying on the following principles :
• We are only interested in the minimum PompeiuHausdorff distance, therefore, we can discard translation/rotation pairs that result in a distance less than some value, τ , to reduce computing time.
• If h(A,B) or h(B,A) results in a value greater than τ , it is unnecessary to calculate the other.
• A blurred model image, B blur , can be used to eliminate certain translations that result in a value greater than τ , regardless of rotation. B blur , is computed by the following process: If h(A, B blur ) results in a value greater than τ , we can assume the Pompeiu-Hausdorff distance for all rotations at that particular translation will result in a value greater than τ .
• Solutions can be found using only a fraction of the point-sets; however, larger subsets result in fewer solutions. (Ex: using only 10% of the image and 20% of the model might result in multiple solutions, whereas using 100% of the image and model will result in only one optimal solution, if it exists).
• The Pompeiu-Hausdorff distance increases as the portion of each considered subset is increased. If the Pompeiu-Hausdorff distance results in a value greater than τ using only subsets, those translation/rotation pairs need not be considered during iterations where the subset sizes are increased.
Using Subsets
The partial Pompeiu-Hausdorff distance can be used to automatically select the best subsets of the image and model object point sets that minimize the Pompeiu-Hausdorff distance. It is defined as:
where h L (A, B) and h K (B, A) are the partial directed Pompeiu-Hausdorff distances.
Assuming n points in A and (1 < L < n), the partial directed Pompeiu-Hausdorff distance from A to B is defined as
where L th a∈A denotes the Lth ranked values in the set of distances (rather than the largest).
MIPHRA automatically computes K and L for each translation/rotation based on the following equation :
where r is the number of non-zero pixels in A that are covered by the current position of B, and q is the number of non-zero pixels in B that are covered by the current position of A. f 1 and f 2 are initially calculated based on the user defined parameter, 0 < f ≤ 1 :
where h1 and h2 are the height of the outlines in the model and primary images, respectively. f 1 and f 2 are increased by a small amount with each iteration until they both equal 1. This increases the size of each considered subset, therefore reducing the number of solutions.
Utilizing Matrices
Assume A and B are binary images with non-zero pixels denoted as a ∈ A and b ∈ B, and the 
where 
where D B [a x , a y ] is essentially computing min b∈B a − b by probing B's distance matrix at all non-zero points in A. These distance matrices can be computed once for each image, significantly reducing the number of computations required to perform multiple Pompeiu-Hausdorff distance calculations.
The Algorithm
Once binary images A and B have been generated, MIPHRA iteratively calculates the Pompeiu-Hausdorff over a range of translation and rotations until an optimal solution is found. The following is a brief overview of a single iteration of the algorithm.
MIPHRA can be implemented by :
1. Generate binary images, A and B, using feature extraction.
2. Define a range of translations and rotations of interest.
3. Initialize parameters, τ and f . (ex: τ = 10, f = 0.7). Use f to calculate f 1 and f 2.
4. Pre-compute B blur .
5. Pre-compute distance matrices for A, B blur , and each rotation of B.
For each translation under consideration:
• Else, for each rotation at this translation : 
(9) where G is the number of gray levels in the image (ex: for a 14-bit image, G = 2 14 − 1). MSD will be a number on the range of 0 to 1. This method will efficiently find the optimal translation and rotation of the model image that can be used to register the two images together, assuming there is some rigid body movement that results in a Pompeiu-Hausdorff distance less than the initial τ .
RESULTS
One-hundred patients with bilateral digital CC mammogram image pairs were used in an evaluation study of MIPHRA. The images were obtained as part of the clinical trial ACRIN 6652 : Digital Versus Film-Screen Mammography (DMIST) with funding from National Cancer Institute grant CA80098. To show the increase in accuracy and efficiency of this algorithm, compared to current registration mammogram techniques, the registration algorithm based on mutual information (MI) described in [6] was applied to the same dataset.
The following parameters were used in the study: τ = 10, f = 0.7,
2 , and Figure 2 is a visual example of the increased accuracy of MIPHRA over MI. After seven iterations, the optimal translation and rotation for this patient were found to be [x = 12, y = 9, θ = −4.5], resulting in a minimal PompeiuHausdorff distance of F = 1. MI found the optimal translation and rotation to be [x = 0, y = 6, θ = 0]. It is apparent that the MIPHRA algorithm found the optimal translation and rotation for aligning the two mammogram boundary images by noting the placement of the nipple in each image after registration. The normalized mean-squared difference (MSD) in Equation 9 can be used to statistically "judge" the accuracy of the registration algorithm, because it is based on image subtraction after registration. A lower MSD indicates less residuals after registration, thus a better alignment. From Table 1 and 2, it is apparent that MIPHRA is more accurate than registration based on mutual information (MI). On average, the MSD was significantly lower after registration using MIPHRA. Also, using only MSD as the judgement criteria, MIPHRA provides a better alignment in 76 of the 100 cases considered in this study. Efficiency can determine the usefulness of a registration algorithm. The computations must be performed in a reasonable amount of time, otherwise it is likely the algorithm will never be used. As seen in Table 3 , MIPHRA can run in almost 40% of the time it takes to register an image using MI. Please note, computing times are listed to emphasize the increased speed of MIPHRA compared to MI. The algorithms were implemented in MATLAB on a 64-bit computer. Parallel processing, translation to a faster language, and code optimization could significantly increase the computing time.
CONCLUSIONS
Accurate mammogram registration is vital to future breast cancer research. In order to detect changes over time and/or bilateral asymmetry, computer aided detection algorithms must first be able to accurately align two mammogram images. The Mammogram Iterative Pompeiu-Hausdorff Registration Algorithm (MIPHRA) is a robust process designed to accurately register two mammogram images. MIPHRA is built upon a novel technique for efficiently minimizing the Pompeiu-Hausdorff distance between two images (or point sets) over rigid body motion. A recent study comprised of 100 bilateral mammogram pairs revealed that MIPHRA offers increased accuracy and efficiency over current rigidbody mammogram registration techniques, such as mutual information.
Although the breast is a non-rigid body, rigid registration of simple features (such as the breast skin line) may contribute to more advanced techniques for detecting changes within the breast tissue. For example, if the breast boundaries can be accurately aligned using the rigid-registration algorithm described in this paper, then non-rigid registration could be used on interior features. Accurate mammogram registration is a difficult task, and remains an uncharted area of research. The goal of the algorithm described in this paper is to register two mammogram images without skewing any information contained in the images (introduced by non-rigid registration). The results described in this paper verified that MIPHRA accomplished this goal.
Future research into the MIPHRA algorithm should include feature extraction techniques that utilize more information from the breast (rather than just the breast contour). Efficient implementation of MIPHRA could include optimization and parallel processing. There are also many computer-aided detection algorithms that could leverage MIPHRA to accurately align bilateral, or yearly, mammograms in order to aid radiologists in detecting cancer. It is our hope that future research can expand upon the MIPHRA algorithm, and open doors to ground-breaking mammogram detection techniques leveraging bilateral and/or year-to-year abnormalities.
